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Abstract: We analytically calculate the forces generated on the near field by a focused
azimuthally polarized Hermite–Gauss beam after passing a complex mask formed by two
annular pupils. The resultant optical tractor beam shows two transport channels that
move trapped objects upstream or downstream along the conveyor. From the analysis of
the phase diagrams, we theoretically demonstrate that, depending on illumination inten-
sity, the 3-D behavior of nanoparticles in this conveyor shows a limit cycle between trans-
port channels. This limit cycle appears as a consequence of diffraction that produces
spatially limited optical forces. We theoretically demonstrate the possibility of using the
limit cycle to design a particle exchanger between channels.
Index Terms: Diffractive optics, scattering, biophotonics instrumentation.
1. Introduction
Optical trapping of particles using the radiation force generated by a focused laser beam [1] in
a high numerical aperture optical system has become an important tool in many disciplines
like physics or biology. Non-diffracting Bessel beams are one of the most used beams in optical
nanotrap technology, as they are easily obtained by illuminating an axicon with a linearly polar-
ized beam [2], [3]. These types of Bessel beams have been employed for analyzing the dynam-
ics of microspheres using different theories like the scattering Mie theory and geometrical ray
optics [4]. They have also been studied with a different topological charge in recent studies on
trajectories of microparticles near the center of an optical vortex beam in a plane perpendicular
to the beam propagation [5].
Ruffner and Grier [6] have reported a very interesting tractor beam created by coherently su-
perposing coaxial Bessel Beams. They have theoretically and experimentally analyzed the ob-
tained tractor by using a linearly polarized light illuminating a computer designed phase profile
which was focused using a high numerical aperture objective. In a previous paper, we theoreti-
cally analyzed this type of tractor beam when a radially polarized zero-order Bessel beam is
used [7]. The purpose of this paper is to demonstrate that not only axial trajectories can be ob-
tained with active tractor beams. In this sense, we theoretically propose a new tractor beam
configuration obtained by means the interference of two azimuthally polarized order one Bessel
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beams and analyze the particle dynamics. Forces in optical tweezers with azimuthally polarized
trapping beams have been studied, for example, in [8]. These azimuthally polarized Bessel
beams will be obtained by focusing an azimuthally polarized beam using a high-aperture objec-
tive and a complex transmission mask. Analytical expressions for the electric field generated by
the optical conveyor will be obtained by solving the Richards and Wolf vectorial diffraction inte-
grals in an approximate form [7], obtaining a complete and rigorous description of the optical
forces over the region of validity of the tractor beam, which includes the attenuation away from
the focus point and allows to analyze special particle behavior that occurs at the limits of the trac-
tor beam. We will show that under the adequate design parameters of the transmission mask, it
is possible to obtain two conveyor belts at different radial positions that act like transport particle
channels, which are -dephased. Also, by using the phase diagram analysis, we will show that it
is possible to move the particles between the two conveyor belts in the limits of the tractor beam,
observing a periodic orbit at sufficiently high times (limit cycle). This limit cycle, arises from the
force differential equations for Ruffner and Grier tractor beams, which are non-autonomous. For
linearized autonomous system [9]–[11] the eigenvalue analysis of the force matrix has been
used to study the trajectories of dielectric particles, but these methods can not be applied to the
non-autonomous systems. In this case, we use phase-diagram analysis, which is a good tool to
study the dynamical stability of particles inside focused optical beams.
2. Theoretical Background
Based on the papers by Richards and Wolf [12], Youngworth and Brown [13] demonstrated that
the electric field components (using cylindrical coordinates) in the vicinity of the focus of an azi-
muthally polarized beam can be obtained by using vectorial diffraction theory as follows:
er ¼ 0; e ¼ A
Z
0
hðÞl0ðÞT ðÞJ1 krSinðÞð ÞExp ikzCosðÞð Þd; ez ¼ 0 (1)
where k is the wavenumber in a medium of refractive index n, A is the amplitude constant asso-
ciated to incident intensity ðI0Þ by means of I0 ¼ jAj2, hðÞ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CosðÞp SinðÞ, and l0ðÞ is the
apodization function, we have assumed to be a Hermite–Gauss order one mode:
l0ðÞ ¼ Exp  
2SinðÞ2
SinðÞ2
 !
SinðÞ
SinðÞ (2)
where  is the angular semi-aperture of the focusing system given by  ¼ sin1ðNA=nÞ. NA is
the numerical aperture and  is the ratio of the pupil radius and the beam waist, n is the refrac-
tive index between the high numerical optical system and the sample. The apodization function
is modified by a mask complex function T ðÞ given by
T ðÞ ¼
g1; 1  2    1 þ 2
g2; 2  2    2 þ 2
0; otherwise
8><
>: (3)
where we have assumed that g1 ¼ 1 and g2 ¼ ExpðitÞ, and therefore, emergent fields from the
rings described in transmission (3) differ in their relative phase. This linear relative phase t dif-
ference makes the conveyor work [6].
If ð=2Þ  1, then, analytical solutions to integral 1 is obtained assuming the approximations
given in [7]
er ¼ 0; e ðr ; zÞ ¼ A
X2
l¼1
glhlJ1ðsl r ÞExpðicl zÞSinc slz2
 
; ezðr ; zÞ ¼ 0 (4)
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where sl ¼ kSinðlÞ, cl ¼ kCosðlÞ, and hl ¼ l0ðlÞhðlÞ. Equation (4) shows that focusing an azi-
muthally polarized beam by using a high-aperture system with mask function T ðÞ composed of
two annular rings, generates a superposition of two Bessel-type beams. This analytical electric
field is different to the one proposed in [6] because it does not have topological charge associ-
ated to the order one Bessel beam, and, includes Sinc functions that limit the efficiency of the
electric field in z-propagation direction [7]. These Sinc functions are critical for the particle trajec-
tories, as we will show in the following sections.
The intensity at the focal region of the optical conveyor is given by
I ¼ je j2 ¼ A22 J1ðs1r Þ2h21Sinc
s1z
2
 2
þJ1ðs2r Þ2h22Sinc
s2z
2
 2" #
þ A22 2J1ðs1r ÞJ1ðs2r ÞCosðt þ ðc2  c1ÞzÞh1h2Sinc s1z2
 
Sinc
s2z
2
  
: (5)
Here, we focus on the optical forces acting on a particle in the Rayleigh regime (radius rp  ).
Therefore, according to [14], the temporal average of the optical forces acting on the particle as
a consequence of an electric field given by (1) can be expressed as
Fr ¼ 12< ^e 
@e 
@r
 
; F ¼ 0; Fz ¼ 12< ^e 
@e 
@z
 
(6)
where < denotes the real value of the expression,  is a complex conjugate value and ^ is the
complex value of the polarizability particle, which, for the dielectric particles considered, can be
obtained by [15]
^ ¼ 0
1 i 23	 k30
(7)
where 0 is given by
0 ¼ 	a3 	p  	
	p þ 2	 (8)
and where a the particle radius, 	p the particle dielectric permittivity, and 	 the dielectric permit-
tivity of the medium where the dipolar particle is embedded.
In order to solve the particle dynamics, we must solve the Langevin equation [16]
m
d2 ~RðtÞ
dt2
¼ ~F ~RðtÞ
 
 
 d
~RðtÞ
dt
þ ~FðtÞ (9)
where ~RðtÞ is the position vector of the particle at time t , m is the particle mass, 
ðd~R=dtÞ is
the frictional force of a particle, and ~FðtÞ is a random function force with time which causes
Brownian motion. ~FðtÞ has a Gaussian probability distribution with correlation function
hF iðtÞ;F jðt 0Þi ¼ 2
KBT i ;jðt  t 0Þ, where kB is Boltzmann's constant, and T is the temperature.
Coefficient 
 ¼ 6a, where  is the viscosity of the media.
3. Numerical Results
The constants 
 ¼ 6a and m ¼ ð4=3Þa3 have been obtained using the water viscosity coeffi-
cient  ¼ 8:9 104 ðPa  sÞ and the material density (PMMA)  ¼ 1:19 103 ðKg m3Þ. The
others numerical values used in our study are given in Table 1.
Parameters 1 and 2 have been chosen in order to obtain a s2  2s1 ratio, and consequently
the intensity distribution corresponds to the one shown in Fig. 1. As can be seen, the intensity
function given by (5), evaluated using parameters given in Table 1, shows the radial maxima
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displaced from r ¼ 0. Moreover, it can be observed that there are two main intensity maxima lo-
cated approximately at positions where (10), shown below, is fulfilled:
dJ1ðmsr Þ2
dr
¼ 0 (10)
where ms ¼ Maxðs1; s2Þ. The odd zeroes of (10) must be considered, so these maxima locations
are situated at radial positions r1 ¼ 1:84118=ms and r2 ¼ 5:33144=ms, which establish two trans-
port axis channel (see Fig. 1).
It is important to remark that there are more than just two intensity maxima in the radial direc-
tion, but they are weak to be considered. In any case if intensity is high enough, these second-
ary intensity maximums would give rise to new transport channels. According to (5) the maxima
at Z axis are located at positions zsðtÞ [6] which are given by
zmðtÞ ¼ 2mc2  c1  t (11)
where m is an integer number. The choice of parameters 1 and 2 assures that maxima are
-dephased in channel 1 with respect to channel 2 (maxima in channel 1 corresponds to minima
in channel 2), as can also be observed in Fig. 1.
Using (5), the maximum dynamical range in Z direction of the two transport channels ðzÞ
can be obtained from the arguments of the Sinc functions (the ones that multiply the cosine
function [7]) as
z ¼ nMax Sinð2Þ;Sinð1Þð Þ : (12)
TABLE 1
Values of the parameters used in the numerical simulations
Fig. 1. Intensity I (5) at time t ¼ 0 as a function of r and z coordinates for parameters given in
Table 1. The NA system was 1.1, and the refractive index between the lens and the sample is n ¼ﬃﬃ
	
p ¼ 1:33 (water).
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3.1. Particle Dynamic Without Brownian Influence
First, we are going to study the deterministic trajectories of a particle, and therefore, we do
not consider the Brownian motion ð ~FðtÞ ¼ 0Þ in the Langevin (9)
d2~R
dt2
¼ ~F ~RðtÞ
 
 
 d
~R
dt
: (13)
Therefore, the dynamical behavior of particles were studied over the influence volume of the
tractor beam, which, according to the axial and radial ranges defined in (10) and (12), is de-
scribed by the region A
A ¼ r G 1:2r2jzj G z :
	
To study the trajectories of the particles we have solved (13) assuming an initial matrix M of p  q
initial positionsM¼ ½r p0 ; zq0 	 in region A given by ðr p0 ¼ 0:1p; zq0 ¼ 2qÞ, p being a natural number
and q an integer number. For cases shown in this section, the dimension of matrixM was 20  25,
so in any case, we have analyzed 500 trajectories associated to 500 different initial conditions. The
system is apparently overdamped, so the inertial term d2 ~RðtÞ=dt2 could not be used. However, if
the inertial term is not included and we solve the approximated Langevin equation


d ~RðtÞ
dt
¼ ~F ~RðtÞ
 
(14)
the numerical calculation of (14) must by carried out being the obtained results identical to the
obtained by (13), with no significant differences in the calculation times.
Trajectories in z–r coordinates are showed in Fig. 2, where it can be seen that, depending on
initial position the trajectories converge to the same limit cycle, independently if it is reached
from channel one or channel two.
It is important to note that for lower  parameter values and sufficiently high incident intensity
I0, there are two different time-scales, as shown in Fig. 3 (movie) and Fig. 4. At initial times
ðt  ð2=ÞÞ, the intensity distribution shown in Fig. 1 can be considered time independent
(there is no temporal evolution of the tractor beam), and at these initial times, the tractor beam
Fig. 2. Trajectories in r–z coordinates. Parameters used shown in Table 1. I0 ¼ 663 W=cm2.
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acts as a static radial trap so that all particles independently from the initial positions located in
region A are trapped at maxima intensity places ðr1; zmð0ÞÞ or ðr2; zmð0ÞÞ.
For longer times, the tractor beams act over the particles previously trapped at maxima posi-
tions ðr1; zmð0ÞÞ or ðr2; zmð0ÞÞ, and are then moved inside the transport channels towards the
maximum dynamical range z of the tractor beam as seen in Fig. 4 (movie).
The behavior of particles in these types of tractor beams depends on several parameters. It
is interesting to note that in movie 4, obtained for an intensity I0 ¼ 663 W=cm2, all particles lo-
cated in region A reach (traveling in one of the transport channels) the zone of maximum dy-
namical range z , and in that region all of them initiate a stable periodic orbit between
channels r1 and r2.
Fig. 5 shows the trajectories phase diagram for long temporal values ðt > ð6=ÞÞ. As it can
be seen all particles describe the same cyclic trajectory in Z-axis in the region ½22; 26	 and at
the radial interval ½r1; r2	. Therefore, all particles describe a periodic trajectory between the trans-
port channels in the maximum dynamical range zone with a period equal to 2=. As can be
seen the maximum and minimum radial velocities are lower than the respective axial velocities.
Phase _z  z diagram shows two different paths. In the first one, the particles present a constant
_z velocity of approximately _z  15=s so that the particle behaves as if immersed in a typical
Fig. 3. Movie of particle dynamic at initial times ðt G 0:05 sÞ. Parameters used are shown in Table 1.
I0 ¼ 663 W=cm2 (see supplemental materials).
Fig. 4. Movie of particle dynamic for longer times. Parameters used are shown in Table 1. I0 ¼
663 W=cm2 (see supplemental materials).
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tractor beam and moves along the conveyor direction. In the second one, the particle shows a
variable _z negative speed, which implies that particles are accelerated in the opposite Z direction
to the tractor beam movement. In the same way, the phase _r  r diagram also shows two differ-
ent paths. In the first one, the particles show a nearly constant radial velocity, and in the second
one, particles present a very high variable negative velocity, describing a trapping process.
It is important to note that this periodic trajectory appears as consequence of Sinc functions
described in (4). If these Sinc functions are not included the behavior of the tractor beam will be
quite different, as seen in the phase diagram shown in Fig. 6. Hence, in the absence of Sinc
functions, the particles remain in channels r1 or r2 with nearly null radial velocity (there are only
two points in the phase _r  r diagram located at positions ð0; r1Þð0; r2Þ). It is also evident that
particles move along the conveyor in Z direction with a constant velocity _z  20ð=sÞ, as pre-
dicted in [6], which is approximately equal to transport speed v0 ¼ ðz0ð0Þ=2Þ, being for our
numerical values v0 ¼ 20:3ð=sÞ. As observed for the same time values used in Fig. 5, when
the Sinc functions are not included, the tractor beam scope is not limited and as a result the dis-
placement of the particles along the transport channels has reached values higher than 150.
The limit cycle depends on the incident intensity, so if the parameter I0 is not high enough,
the particles describe trajectories that depend on the initial conditions. In general, only a few or
none of them reach the zone of maximum axial range as can be observed for example in Fig. 7,
where the phase diagrams for intensity value of I0 ¼ 26 W=cm2 is shown.
Fig. 5. Phase diagram _zz (left) and _rr (right). Parameters used shown in Table 1. I0¼663 W=cm2.
Fig. 6. Phase diagram _zz (left) and _rr (right). Parameters used shown in Table 1, I0¼663 W=cm2.
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As can be observed in Fig. 7, only 8 particles (initially located at positions z0 ¼ 23;0:4 G
jr0j G ) reach the zone of maximum axial range and describe a periodic trajectory between com-
munication channels, being the size of axially and radially periodic trajectories smaller than for
higher intensities (see Fig. 5). Furthermore, for these particles radial and axial speeds are lower
than in those cases shown in Fig. 5. However (see Fig. 7), the vast majority of the particles are
confined in the communication channels r1 (332 particles) or r2 (160 particles), describing radial
periodic trajectories around these points (with an amplitude lower than 0:1), in the middle zone
of the tractor beam z 2 ½12; 15	. Axial behavior also shows a low amplitude periodic motion.
Fig. 5 shows just one phase trajectory and Fig. 7 describes multiple closed trajectories, being
the threshold optical intensity, where particles behavior change for the parameters used in our
manuscript, Ith ¼ 69:8ðW=m2Þ. Finally, for lower intensity values, no particle describes a periodic
trajectory between positions r1 and r2. In fact, all of them remain in the traps points r1 or r2, show-
ing a radial periodic movement with low amplitude and low velocity. It is important to note that
the limit cycle shown in Fig. 7 has been obtained for time values ðt > ð126=ÞÞ; therefore, the
time required to reach the limit cycles is longer as intensity decreases, but the period of all limit
cycle is the same as that of the tractor beam ðT ¼ 2=Þ, independently of the intensity power.
Moreover, when the conveyor belt moves in the opposite direction against the scattering
force, the only difference in the particle trajectories is that the limit cycles are obtained in the di-
rection -Z as can be seen in Fig. 8, which has been reached using the same parameters than
these ones employed in Fig. 5 but changing the sign of . As can be seen the limit cycle ob-
tained is nearly the same as that one described in Fig. 5, being different the speed of the parti-
cles and the position where the periodic trajectories are obtained. This result implies that
conveyor belt movement governs the particle trajectories, so if intensity is high enough, illumi-
nated objects are transported either upstream or downstream in the transport channels, obtain-
ing in all cases a limit cycle.
An interesting application of the limit cycle existence is the possibility to design a particle
exchanger between channels. The idea is to transport a particle located at any position of
channel 1 to any position of channel 2 controlling  parameter. To obtain this result, we are
going to use a piecewise temporal ðtÞ function designed in the form
ðtÞ ¼
; if 0  t  t1
; if t1  t  tf
0; if t 
 tf :
8<
: (15)
In order to transport a particle located at any position of channel 1 to any position of channel 2,
t1 must be chosen as the time at which the particle has reached the limit cycle and is located at
Fig. 7. Phase diagram _zz (left) and _rr (right). Parameters used shown in Table 1, I0¼26 W=cm2.
Vol. 7, No. 1, February 2015 3400112
IEEE Photonics Journal Trajectories Obtained With a Tractor Beam
channel 2. Finally, tf must be selected according to the time that particles take to arrive at the
desired position in channel 2. Fig. 9, shows an example of the transport of a particle located at
focal point in channel 1 ðr ¼ r1; z ¼ 0Þ to focal point in channel 2 ðr ¼ r2; z ¼ 0Þ after describing
one complete cycle between channels, using parameters t1 ¼ 2:2 s and tf ¼ 3:5 s.
3.2. Brownian Movement Influence
We have demonstrated that particles show a limit cycle for movement of the conveyor belt in
the direction of scattering force and against it. In this section we will demonstrate that the limit
cycle can also be observed if Brownian movement is taking into account. Furthermore, we have
studied the effect of Brownian movement for particle sizes a ¼ =10 and a ¼ =20. In order to
study the dynamical behavior of particles, we have numerically solved (9), initially located at the
focal plane using parameter value  ¼ 10 Hz. We used this  parameter value in order to ensure
the most unfavorable configuration in which the optical conveyor is pulling particles against
beam propagation. As a result, the obtained trajectories in z–r coordinates are shown in Fig. 10,
Fig. 8. Phase diagram _z  z (left) and _r  r (right). I0 ¼ 663 W=cm2.  ¼ 10 Hz.
Fig. 9. Movie of particle dynamic initially located at ðr ¼ r1; z ¼ 0Þ. Parameters used are shown in
Table 1. I0 ¼ 663 W=cm2 (Media 3).
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that have been obtained averaging more than 500 individual paths for each initial conditions. As
can be observed the average follow periodic trajectories for both sizes, being the limit cycle
very similar to the obtained when Brownian motion is not taken into account. It can also be ob-
served that averaged trajectories are very close to the deterministic trajectories, being the differ-
ences more relevant when size particle decreases because the Brownian effect is more
important.
The phase diagram for the averaged Brownian trajectories are shown in Figs. 11 and 12. As
can be seen radial velocities are similar for both sizes, but axial ones are greater in the case of
lower size particles. These results show that optical conveyor described in this work, generates
strong traps that transport particles to a limit cycle even when Brownian movement is taking
into account. It is important to note, that due to the radial symmetry of the electric fields, the
force field analyzed has not azimuthal component (6), and so, the transverse position in the XY
plane is fixed at initial position ð 0Þ in the absence of Brownian motion. When Brownian motion
is taking into account, the azimuthal variable shows the characteristic random behavior around
the initial position ð 0Þ.
Fig. 10. Cyclic trajectories in z–r coordinates [averaged over 500 Brownian trajectories (pink), with-
out Brownian movement (blue)]. Parameters used are detailed in table. I0 ¼ 663 W=cm2,  ¼ 10.
(Left) Particle radius =10. (Right) Particle radius =20.
Fig. 11. (Left) Phase diagram _z  z and (right) _r  r (averaged over 500 Brownian trajectories), par-
ticle radius =10. I0 ¼ 663 W=cm2.  ¼ 10 Hz.
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Much work remains to be done in order to obtain more efficient tractor beams. An interesting
via for obtaining another kind of tractor beam systems with better properties could be given by
the use of Frozen waves [17], [18].
4. Conclusion
We have obtained analytical expressions for the optical forces generated by an optical conveyor
by solving the Richards and Wolf vectorial diffraction integrals in an approximate form when a
mask of two annular pupils is used. The analysis has been performed for azimuthal polarization.
The obtained expressions have been used to analyze the 3D dynamical behavior of particles in
the Rayleigh approximation solving the Langevin equation for the case of deterministic trajecto-
ries (no Brownian movement) and taking into account the Brownian movement. Our results
have demonstrated that by including the spatial limitation of optical forces reached from our
model, a limit cycle between transport channels can be obtained depending on illumination in-
tensity, which can not be observed if the spatial limitation of optical forces included in our model
is not taken into account. We have theoretically demonstrated the possibility of using the limit
cycle to design a particle exchanger between channels.
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